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Istorik  Anadrom 
Anoiqtì prìblhma sthn JewrÐa Kìmbwn

Ena anoiqtì meqri s mera prìblhma twn majhmatik¸n eÐnai h
taxinìmish twn kìmbwn.

To 1983 o Jones ....................

Apo to 1983 kai èpita, up rqe mia entonh drastiriìtita me
axioshmeÐota apotelèsmata gÔro apì thn epÐlush autoÔ tou
probl matoc.
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Peri Kìmbwn

ORISMOS

LeÐoc kìmboc onom�zetai h eikìna tou kÔklou sto R3 k�tw apì
mia apeÐrwc diaforÐsimh emfÔteush me mh mhdenik� diaforik�:

f (t) = (x(t), y(t), z(t)),

(
dx

dt
,
dy

dt
,
dz

dt

)
6= (0, 0, 0).

Ousiastik� kìmboc eÐnai k�je kleist  mh-autotemnìmenh kampÔlh
tou EukleÐdiou q¸rou R3 kai krÐkoc eÐnai èna sÔnolo apì (leÐec)
kleistèc mh autotemnìmenec kampÔlec tou R3, oi opoÐec mporeÐ na
mplèkontai kai metaxÔ touc.

TO POLUWNUMO JONES DUO METABLHTWN KAI TA ANALOGA AUTOU STON STEREO TORO



aegean

Eisagwg KotsÐdec Artin tÔpou B kai 'Iqnh Markov tÔpou BTa An�loga tou PoluwnÔmou Jones 2-metablht¸n ston Stereì Tìro

Istorik  Anadrom 
Peri Kìmbwn

ORISMOS

LeÐoc kìmboc onom�zetai h eikìna tou kÔklou sto R3 k�tw apì
mia apeÐrwc diaforÐsimh emfÔteush me mh mhdenik� diaforik�:

f (t) = (x(t), y(t), z(t)),

(
dx

dt
,
dy

dt
,
dz

dt

)
6= (0, 0, 0).

Ousiastik� kìmboc eÐnai k�je kleist  mh-autotemnìmenh kampÔlh
tou EukleÐdiou q¸rou R3 kai krÐkoc eÐnai èna sÔnolo apì (leÐec)
kleistèc mh autotemnìmenec kampÔlec tou R3, oi opoÐec mporeÐ na
mplèkontai kai metaxÔ touc.

TO POLUWNUMO JONES DUO METABLHTWN KAI TA ANALOGA AUTOU STON STEREO TORO



aegean

Eisagwg KotsÐdec Artin tÔpou B kai 'Iqnh Markov tÔpou BTa An�loga tou PoluwnÔmou Jones 2-metablht¸n ston Stereì Tìro

Istorik  Anadrom 
Peri Kìmbwn

Gia thn melèth twn kìmbwn eÐnai bolikì na qrhsimopoioÔme
thn k�jeth probol  touc s' èna epÐpedo.

ORISMOS

DÔo leÐoi kìmboi K0 kai K1 onom�zontai isodÔnamoi   isotopikoÐ
an up�rqei mia monoparametrik  oikogèneia amfidiaforÐsimwn
apeikonÐsewn, ft : R3 → R3, t ∈ [0, 1], leÐwc exart¸menh apì
thn par�metro t, ft : R3 → R3, t ∈ [0, 1] , pou antistoiqeÐ ton
kìmbo K0 ston kìmbo K1 dhlad  tètoia ¸ste f0 na eÐnai h
tautotik  ston K0 kai f1(K0) = K1 (leÐwc exart¸menh shmaÐnei
ìti h apeikìnish F :R3 × [0, 1] → R3 pou dÐnetai apì to
(x , t) 7−→ ft(x) eÐnai diaforÐsimh). H oikogèneia twn
amfidiaforÐsimwn ft lème ìti eÐnai mÐa isotopÐa twn kìmbwn K0 kai
K1.
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Istorik  Anadrom 
Peri Kìmbwn

TÐjetai t¸ra to Akìloujo er¸thma:

Pìte dÔo kìmboi eÐnai diaforetikoÐ (dhl. mh isotopikoÐ) kai me
poi� diadikasÐa pèran thc grafik c, mporoÔme na to
sumper�noume ?
Ac shmeiwjeÐ ìti h grafik  diadikasÐa eÐnai h plèon dÐsqrhsth
kai akat�lhlh. (p.q. ...).
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Istorik  Anadrom 
Peri Kìmbwn

Etsi, èginan prosp�jeiec gia thn melèth twn kìmbwn mèsw
thc 'Algebrac kai piì sugkekrimèna mèso thc jewrÐac twn
kotsÐdwn (Je¸rhma Alexander).

JEWRHMA

(Alexander 1923) K�je prosanatolismènoc kìmboc (  krÐkoc),
mporeÐ na isotophjeÐ sto kleÐsimo miac kotsÐdac.

Proc aut  thn katèujunsh, shmantik   tan h sumbol  tou
A.A.Markov , mèso tou omìnhmou Jewr matoc pou èqei wc
ex c:
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JEWRHMA

(Markov , 1935) DÔo kotsÐdec α ∈ Bn kai β ∈ Bm èqoun
isotopik� kleisÐmata, an kai mìno an up�rqei mÐa peperasmènh
akoloujÐa apì kin seic:
•tÔpou I: Bn 3 α ∼ σiασ−1

i ∈ Bn , ∀σi ∈ Bn kai
•tÔpou II: Bn 3 α ∼ ασ±1

n ∈ Bn+1,
pou odhgoÔn thn α sth β.

Autèc oi sunj kec èqoun meÐnei me ton ìro “kin seic
Markov”.
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Istorik  Anadrom 
Peri Kìmbwn

AkoloÔjwc dÐnoume thn pr¸th epituq  kataskeu 
analloÐwthc kìmbwn me efarmog  tou Jewr matoc Markov ,
pou ègine apì ton V .F .R. Jones to 1984, q�rin thc opoÐac
tim jike to 1985 me to brabeÐo Fields.

ORISMOS

(Polu¸numo Jones 2�metablht¸n) H analloÐwth dÔo metablht¸n
XL(q, λ) enìc prosanatolismènou kìmbou L eÐnai h sun�rthsh,

XL(q, λ) =

(
− 1− λq√

λ(1− q)

)n−1 (√
λ
)e

tr(π(α))

ìpou α ∈ Bn eÐnai opoiad pote kotsÐda t.¸. α̂ = L, e eÐnai to
ekjetikì �jroisma tou α wc lèxh twn σi kai π : σi 7−→ gi h
anapar�stash thc Bn sthn H(q, n).
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Ac shmeiwjeÐ ìti me tr sumbolÐzoume thn sun�rthsh Ðqnouc tou
Ocneanu h opoÐa ikanopoieÐ to akìloujo je¸rhma:

JEWRHMA

(Ocneanu, 1984) Gi� k�je z ∈ C up�rqei mia grammik 
sun�rthsh tr : ∪∞n=1H(q, n) −→ C monadik� orismènh apì touc
kanìnec:
1) tr(ab) = tr(ba) , ∀a, b ∈ H(q, n)
2) tr(1) = 1 ,
3) tr(xgn) = z tr(x) , ∀x ∈ H(q, n) .
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Peri Kìmbwn

JumÐzoume ìti me H(q, n) sumbolÐzoume thn �lgebra Hecke
tÔpou A, pou èqei thn akìloujh par�stash:

H(q, n) =

〈
g1, g2, . . . , gn−1

∣∣∣∣∣∣
g2
i = (q − 1)gi + q1,

gigi+1gi = gi+1gigi+1,
gigj = gjgi , |i − j | ≥ 2.

〉
(1)

ìpou q ∈ C , mh mhdenikì kai n ∈ N.
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Istorik  Anadrom 
Peri Kìmbwn

H �lgebra Hecke H(q, n), èqei ton qaraktirismì tÔpou A,
lìgo thc �meshc sqèshc thc me to gr�fhma Coxeter tÔpou
A.
Pio sugkekrimèna èqoume ton akìloujo orismì:

ORISMOS

Mi� om�da C pou èqei par�stash thc morf c

〈s1, . . . , sn|(si sj)mij = 1 , mii = 1 , i = 1, . . . , n〉

onom�zetai om�da Coxeter , ìpou me mij sumbolÐzoume to m(si , sj).

'Olec oi peperasmènec om�dec Coxeter èqoun taxinomhjeÐ.
K�je tètoia om�da mporeÐ na anaparastajeÐ apì èna
gr�fhma Coxeter (blèpe sq ma).
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〈s1, . . . , sn|(si sj)mij = 1 , mii = 1 , i = 1, . . . , n〉

onom�zetai om�da Coxeter , ìpou me mij sumbolÐzoume to m(si , sj).

'Olec oi peperasmènec om�dec Coxeter èqoun taxinomhjeÐ.
K�je tètoia om�da mporeÐ na anaparastajeÐ apì èna
gr�fhma Coxeter (blèpe sq ma).
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Sq ma: Oi peperasmènec om�dec Coxeter .
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Istorik  Anadrom 
Peri Kìmbwn

Sto �rjro [Jon] o Jones, rwt� e�n up�rqoun an�logec
kataskeuèc gia diaforetikoÔc tÔpouc om�dwn Coxeter .

To er¸thma autì apant jhke pr¸ta apì thn
S.LampropoÔlou to 1994 (blèpe [Lam] kai tic anaforèc
ekeÐ), sundèontac tic �lgebrec Hecke kai tic kuklotomikèc
�lgebrec Hecke tÔpou B kaj¸c kai tic affinikèc �lgebrec
Hecke tÔpou A me thn jewrÐa kìmbwn mèsa ston tìro. Sth
sunèqeia kataskeÔase Ðqnh Markov kai ìla ta dunat�
an�loga tou poluwnÔmou Jones dÔo metablht¸n gia ton
tìro.

Kataskeu  iqn¸n Markov èqei gÐnei kai gia thn seir� Dn apì
ton M.Geck .
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'Etsi èqoun exetasteÐ ìlec oi dunatèc peript¸seic (treÐc to
pl joc) Ôparxhc an�logwn kataskeu¸n, gia touc di�forouc
tÔpouc twn grafhm�twn Coxeter .

Stìqoc thc ergasÐac aut c eÐnai h parousÐash thc

kataskeu c pou qrhshmopoieÐ to gr�fhma Coxeter
tÔpou B.
Gia thn perÐptwsh tÔpou D akoloujeÐtai h Ðdia strathgik 
me an�llogec gia thn perÐptwsh tropopoi seic.
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H Om�da twn KotsÐdwn tÔpou B
H Om�da twn KotsÐdwn

'Estw mia kotsÐda me n + 1 klwstèc. An apait soume h
pr¸th klwst  na eÐnai tautotik  (dhl. ta �kra thc na eÐnai
ta pr¸ta kata thn di�tax  touc p�nw stic eujeÐec ε1, ε2),
tìte dhmiourgÐte mia eidik  upoom�da thc om�dac twn
kotsÐdwn Bn+1, h legìmenh om�da twn kotsÐdwn Artin tÔpou
B pou ja sumbolÐzetai wc B1,n.

Apì thn jewrÐa parast�sewn prokÔptei ìti h B1,n èqei thn
akìloujh par�stash:

B1,n =

〈
T , σ1, σ2, . . . , σn−1

∣∣∣∣∣∣∣∣
σiσi+1σi = σi+1σiσi+1 ,∀i
σiσj = σjσi , |i − j | > 1
Tσi = σiT , i > 1
Tσ1Tσ1 = σ1Tσ1T

〉
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H Om�da twn KotsÐdwn tÔpou B
H Om�da twn KotsÐdwn

To sÔnolo loipìn twn kotsÐdwn B1,n, n ∈ N apoteleÐ
om�da, me pr�xh thn par�jesh-sÔnjesh(ìpwc sthn om�da
Bn) kai genn torec touc sunijismènouc genn torec
σ1,. . .,σn−1, gia to klasikì mèroc, mazÐ me ton genn tora T.

Sq ma: O gen torac T thc om�dac B1,n.
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H Om�da twn KotsÐdwn tÔpou B
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Mia tuqaÐa kotsÐda Artin tÔpou B èqei thn akìloujh morf :

Sq ma: Mia kotsÐda Artin tÔpou B.
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'Ena 'Iqnoc Markov gia 'Algebrec Hecke tÔpou B
'Algebrec Hecke tÔpou B

K�je om�da Coxeter (pou antistoiqeÐ c• èna apì ta treÐa
pr¸ta graf mata) sqetÐzetai me mia �lgebra Hecke H
(sun jwc p�nw sto s¸ma C ), h par�stash thc opoÐac
prokÔptei apì thn par�stash thc om�dac Coxeter
antikajist¸ntac thn tetragwnik  sqèsh σ2

i = 1 apì thn
tetragwnik  sqèsh σ2

i = (qi − 1) · σi + qi · 1, ìpou to
qi 6= 0 ∈ C , eÐnai mia stajer  metablit  kai b�zontac ìpou
σi 7→ gi , me i = 1, . . . , n − 1 kai g0 = t gia thn tÔpou B kai
epiplèon g−1 = d gia thn tÔpou D.

Gia par�deigma, h �lgebra Hecke tÔpou A, Hn(q),
sqetÐzetai me thn summetrik  om�da Sn.
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Kìmboi ston Stereì Tìro
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